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Abstract
It is well known that if a tree T of order n is not a star, then there exists an edge-disjoint
placement of two copies of this tree into the complete graph Kn.
We improve this result by proving that actually two copies of T can be edge-disjointly packed
in a much smaller graph, namely in T 4, the 4th power of T . c© 2000 Elsevier Science B.V. All
rights reserved.
1. Introduction
We shall use standard graph theory notation. A nite, undirected graph G consists
of a vertex set V (G) and an edge set E(G).
Suppose G1; : : : ; Gk are graphs of order n. We say that there is a packing of G1; : : : ; Gk
(into the complete graph Kn) if there exist injections i :V (Gi) ! V (Kn); i = 1; : : : ; k,
such that i (E(Gi)) \ j (E(Gj)) = ; for i 6= j, where the map i :E(Gi)! E(Kn) is
the one induced by i.
A packing of k copies of a graph G will be called a k-placement of G. A packing
of two copies of G (i.e. a 2-placement) is an embedding of G (in its complement G).
So, an embedding of a graph G is a permutation  on V (G) such that if an edge xy
belongs to E(G) then (x)(y) does not belong to E(G). If there exists an embedding
of G we say that G is embeddable.
The following theorem was proved, independently, in [1,3,9].
Theorem 1. Let G = (V; E) be a graph of order n. If jE(G)j6n − 2 then G can be
embedded in its complement.
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This result has been improved in many ways. The main references of the paper and
of other packing problems are the last chapter of Bollobas's book [1], the 4th Chapter
of Yap's book [15] and the survey papers [16,14].
In this paper we shall consider the case where G is a tree on n vertices.
The example of the star Sn shows that Theorem 1 cannot be improved by raising
the size of G even in the case when G is a tree. However in this case we have
Theorem 2. Let T be a tree of order n; T 6= Sn. Then T is contained in its own
complement.
Theorem 2 was rst proved by Straight (unpublished, cf. [6]). Also this result has
been improved in many ways. For instance, the packing of two trees was considered
in [6] and the 3-placement of a tree in [11]. The paper [7] contains the complete result
concerning the packing of three trees into the complete graph Kn. An analogous result
concerning the packing of three forests is presented in [10]. Some other related results
can be found for instance in [8,4,17].
Another possibility for improvement of Theorem 2 is to consider some additional
information about embeddings i.e. packing permutations.
An example of such a result is the following theorem contained as a lemma in [12]
(cf. also [2])
Theorem 3. Let T be a non-star tree of order n with n> 3. Then there exists a
2-placement  of T such that for every x 2 V (T ); distT (x; (x))63:
This theorem immediately implies the following:
Corollary 4. Let T be a non-star tree of order n with n> 3. Then there exists an
embedding  of T such that (T )T 7.
Since T 7 is, in general, a proper subgraph of Kn, the last corollary can be considered
as an improvement of Theorem 2.
The main result of this paper is:
Theorem 5. Let T be a non-star tree of order n with n> 3. Then there exists a
2-placement  of T such that (T )T 4.
Actually, we shall prove a slightly stronger result. We shall need some additional
denitions and notations in order to formulate this result.
Let x be a vertex of a tree T . The components of T − x are called neighbor trees
of x. If y is any neighbor of x in T , we denote by Ty the neighbor tree of x which
contains y. Consequently, if we delete an edge e=xy of T , we obtain two components
of T − e, respectively, the neighbor tree Tx of y and the neighbor tree Ty of x.
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Fig. 1. The two choices for x in P4:
Consider two distinct trees, together with the path (x1; x2; : : : ; xp). We denote
Tx1  (x1; x2; : : : ; xp) Txp the tree obtained by identifying x1 with some vertex of the rst
tree, and xp with some vertex of the second tree. Doing this, the rst tree becomes
the neighbor tree Tx1 of x2, and the second tree becomes the neighbor tree Txp of
xp−1, which explains our notation. In the particular case where the rst tree of this
construction is reduced to a single vertex (thus identied with x1), we simplify the
notation into (x1; x2; : : : ; xp)  Txp .
Let T be a tree and let x be a vertex of T . A permutation  on V (T ) is said to be
(T; x)-good i the following four conditions are satised:
1.  is a 2-placement of T ,
2. (T )T 4,
3. distT (x; (x)) = 1,
4. for every neighbor y of the vertex x; distT (y; (y))62.
The tree itself is said to be x-good if there exists a (T; x)-good permutation. Finally,
a non-star tree T is called good if it is x-good for every x in V (T ):
Using this terminology we shall prove that
Theorem 6. All non-star trees are good.
The proof of Theorem 6 is divided into two parts. We start with a sequence of
lemmas (Section 2) we shall need in the main part of the proof given in Section 3.
2. Lemmas
Lemma 7. The path of length four is good.
Proof. A tree T is good if it is x-good for each x of T . In case of a path of
length 4, there are only two possibilities for choosing x; A and B given in Fig. 1.
Good permutations associated to these two congurations are the following cycles
A = B = (x y t z).
Lemma 8. Let T be one of the eight trees in Fig. 2 and let x be the specied vertex
of T . Then there exists a (T; x)-good permutation.
Proof. For each pair (T; x) in Fig. 2, we give a (T; x)-good permutation below. We
give them in the usual cyclic form, omitting the xed points.
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Fig. 2. Eight particular couples.
C = (x y z t e);
D = (x y1 t z y2 e);
E = (x y1 t z y2 e);
F = (x y t e z);
G = (x y f t e z);
H = (x y f g t e z);
I = (x y t e z);
J = (x y t e g f z):
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Let T 6= Sn; x 2 V (T ) and suppose there exists a (T; x)-good permutation . Let
M =M (T; ) = fm 2 V (T ): distT (m; (m)) 2 f1; 2gg:
It is easy to see that the set M (T; ) contains at least two vertices, namely x and
(x). For we have by denition dist(x; (x))=1. Therefore y=(x) is a neighbor of x
which cannot be a xed point of , so distT (y; (y))= 1 or 2. In particular, Lemma 7
shows that P4 is good, and that in every case, the set M contains all vertices of P4.
In the following we give the main lemma of the paper.
Lemma 9. Let T be a non-star tree of order n>4; x 2 V (T ); and let  be a
(T; x)-good permutation. Let T 0 be a tree obtained from T; by one of the follow-
ing ways:
(1) Adding a new vertex v and joining it to a vertex m of M .
(2) Adding a good tree U and joining one vertex u 2 V (U ) to one vertex m of M .
(3) Adding p stars (Ti)16i6p; p>2; and joining each of them by an edge to the same
vertex m of M:
Then  can be extended to a (T 0; x)-good permutation 0 (see Fig: 3).
Proof. Since  is a (T; x)-good permutation, we have distT (x; (x))=1. We describe in
each case an extension 0 of  to the tree T 0. By denition, we must have 0(t)=(t)
for all t 2 V (T ), so we need only give the values of 0 on the vertices added to T .
Case 1: In this case it suces to put 0T ′(v) = v. Observe that we have distT ′((m);
(v)) = 2 or 3. Moreover if m = x, we have distT ′(v; 0(v)) = 062, so 0 is a
(T 0; x)-good permutation.
Case 2: Since U is a good tree, there exists a (U; u)-good permutation U of U .
We decide to extend  by this permutation U . Since by the denition of a good
permutation, we have distT ′(u; U (u)) = 1, then by the property of M , it follows
distT ′(0(m); 0(u))64. Note that if m = x, then u is a neighbor of x in T 0, so in
every case, the permutation 0 is good.
Case 3: First we note that there are two ways by which we can join a star to the
vertex m, namely m is joined either to the center or to an end-vertex of this star. With-
out loss of generality, we may suppose that the k rst stars (with 06k6p) are joined
to m by their centers, respectively, y1; : : : ; yk , and the (p−k) others are joined by end-
vertices, respectively, yk+1; : : : ; yp, with zk+1; : : : ; zp denoting their respective centers.
We then extend the permutation  by the cycle (y1y2 : : : ykyk+1zk+1yk+2zk+2 : : : ypzp),
letting the other vertices of the stars Ti xed. It follows from the denitions that
distT ′(0(m); 0(yi))63 for 16i6k and that distT ′(0(m); 0(yi))64 for k+16i6p.
Moreover if m = x then distT ′(yi; 0(yi))62 for all the new neighbors yi of x, so 0
is a (T 0; x)-good permutation.
Remarks
1. Since 0 is an extension of ; U (T; ) is a subset of U (T 0; 0), so we can iterate
the construction of the Lemma 9 as many times as wanted.
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Fig. 3. The three cases of Lemma 9.
2. Some of the stars considered in case (3) may be reduced to a single vertex yi or
to a K2 (in which case the vertex joined to m is considered as the center). Thus,
for instance, joining an isolated vertex and one single star to the same vertex m of
M (T; ) may be considered as a special conguration of case (3).
Corollary 10. Let T be a tree obtained from the path P4 by adding new vertices and
joining each of them by an edge to P4; and let x be a vertex of P4. Then there exists
a (T; x)-good permutation.
Proof. It is obtained by iterations of Lemma 9(1) since all the vertices of P4 belong
to the set M .
3. Proof of Theorem 6
The proof is by induction on the order of T . For n=4 there is only one tree which
is not a star, namely P4, which is good by Lemma 7.
Suppose now n>5 and the theorem holds for all n0<n.
Let T be a non-star tree of order n and let x be a vertex of T .
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Claim 1. If there exists an edge xy of T such that the neighbor trees Tx and Ty are
two good trees, then there exists a (T; x)-good permutation.
Proof. Let  be a (Tx; x)-good permutation. Since x 2 M (Tx; ) we can apply
Lemma 9, Case 2, to the tree Tx.
Claim 2. If x is adjacent to an end-vertex y, then there exists a (T; x)-good permutation.
Proof. If the tree T − y is a star, then x must be an end-vertex of this star. If we
denote z its center, and u another end-vertex, we can apply Corollary 10 to the path
(u; z; x; y). Otherwise, we may apply Case 1 of Lemma 9 to the tree T − y. So, the
statement follows by induction.
From now on, we shall assume that we can apply neither Claim 1 nor Claim 2 to the
couple (T; x).
Under this assumption, we shall distinguish four cases.
Case a: The vertex x has at least four neighbors.
Denote by y1; : : : ; yr; r>4 the neighbors of x. It is easy to see that all the neighbor
trees (Tyi)16i6r of x must be stars. Now the tree T
0=T n(Ty1[Ty2 ) is, by the induction
hypothesis, a good tree, and by applying Lemma 9(3), we can extend a (T 0; x)-good
permutation to a (T; x)-good permutation.
Case b: The vertex x has three neighbors.
We proceed similarly as the previous case. So, the only conguration we must
consider in this case, is the one given in Fig. 2(C), so there exists a (T; x)-good
permutation by Lemma 8.
Case c: The vertex x has two neighbors.
Denote by y1; y2 these neighbors. We may assume that neither y1 nor y2 is an
end-vertex, otherwise we may apply Claim 2. Moreover, at least one neighbor tree of
x, say Ty2 is a star, otherwise we may apply Claim 1 to the edge xy2. If Ty1 is also a
star, then we are either in the case E of Fig. 2 where the result is given by Lemma 8,
or Ty2 is a star of center y2, and if we denote by z1 a neighbor of y1 in Ty1 , we may
apply Corollary 10 to the path (z1; y1; x; y2). The same corollary can be applied in the
case when y1 is a center of Ty1 and y2 is not a center of Ty2 .
Suppose now that Ty1 is not a star. Since we cannot apply Claim 1 to the edge
xy1, the neighbor tree Tx of y1 must be a star of center y2. Suppose that at least
two neighbor trees of y1, other than Tx, are stars. Let a 6= x be a neighbor of y2
and consider the path L4 = (y1; x; y2; a). There exists an (L4; x)-good permutation  by
Lemma 7, and the four vertices of L4 belong to M (L4; ). So we can extend iteratively
 to a (T; x)-good permutation by Lemma 9.
If only one neighbor tree of y1 distinct from Tx is a star, say Tz, then consider the
subtree T1 =Tz  (z; y1; x; y2) Ty2 . The couple (T1; x) is isomorphic to the conguration
D in Fig. 2. So, by Lemma 8, there exists a (T1; x)-good permutation  such that y1
belongs to M (T1; ). Then (if T1 6= T ) we can extend  to a (T; x)-good permutation
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Fig. 4. The three possibilities of Case d.
by using Lemma 9 as many times as necessary. The case when z is the center of Tz
is left to the reader.
Case d: The vertex x has only one neighbor.
Call y this neighbor. First assume that y has at least three neighbors, including x
(see the upper drawing of Fig. 4). If at least one of them z 6= x is an end-vertex, then
we can apply Lemma 9 to T − z. Otherwise, let z be a neighbor of y other than x.
Then T 0=T nTz is not a star and by the induction hypothesis there exists a (T 0; x)-good
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permutation 0, for which necessarily 0(x) = y. If Tz is not a star we apply Lemma
9(2). If Tz is a star of center z, we can modify 0 in order to obtain a (T; x)-good
permutation  in the following way : Let v be the vertex of T 0 such that 0(v) = x.
We put  equal to 0 on V (T 0) n fvg; (v) = z and (z) = x. If Tz is a star of center
t 6= z (so z is an end-vertex), using the same notation as above, we take also the same
restriction for  and 0 on V (T 0) n fvg and put (v) = z; (z) = t; (t) = x. In both
cases,  leaves xed the other vertices of Tz and it is easy to verify that we obtain a
(T; x)-good permutation.
Suppose now that y has only one neighbor z other than x. First we consider the
case where z has only one other neighbor t (see the lowest drawing of Fig. 4). By
Lemma 7, the path (x; y; z) is x-good and all its vertices belong to M . Therefore, we can
apply Lemma 9 to the path (x; y; z; t), except when there is, apart from Tz = (x; y; z),
only one neighbor tree Te of t which is a star. But in this case, we may consider
the tree T1 = (x; y; z; t; e)  Te. The couple (T1; x) is either that of conguration I or
of conguration J in Fig. 2. So, according to Lemma 8, there exists a (T1; x)-good
permutation 1 for which the vertex t belongs to the set M (T1; 1):
Thus, by applying Lemma 9, we can extend 1 to a (T; x)-good permutation . Note
that z is also in M (T1; 1) and therefore it remains in M (T; ).
Finally, we consider the case where z has at least two neighbors other than y (see
the second drawing of Fig. 4). Let t be one of these neighbors. By the previous case,
there exists for the tree T1 = (x; y; z; t)  Tt a (T1; x)-good permutation 1 for which the
vertex z is in M (T1; 1). If z has at least three neighbors other than y, we can choose
t in such a way that Lemma 9 can be applied to the tree T1. If z has only two such
neighbors t1 and t2, but at least one of them, say t2, gives a neighbor tree Tt2 which
is not a star, by choosing t= t1 we can also apply Lemma 9 to the tree T1. It remains
only the case where the couple (T; x) corresponds to one of the congurations (F){
(H) in Fig. 2, so the proof is complete by Lemma 8.
4. Concluding remarks
The square of the path of order n contains only (n − 2) more edges. So it is not
possible in general to embed two copies of a tree T into T 2. On the other hand, we do
not know any example of a non-star tree T , two copies of which are not embeddable
into T 3. However, in every embedding of the path P7 in its third power, the center
x remains xed. So, in order to prove that, for every non-star tree T , there exists
an embedding of two copies of T into T 3, we need other technics that those used
above.
5. For further reading
The following references are also of interest to the reader: [5,13].
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